The role of anti-kaons in the symmetry energy to be determined in heavy-ion collisions as for instance in such observables as the π − /π + ratio is discussed using a simple chiral Lagrangian. It is shown, with some mild assumptions, that kaons, when present in the system, can affect the EoS appreciably for both symmetric and asymmetric nuclear matter. For nuclear matter with small asymmetry with which heavy-ion collisions are studied, it may be difficult to distinguish a stiff symmetry energy and the supersoft symmetry energy, even with kaons present. However the effect of kaon is found to be significant such that µ n − µ p = 0 near x = 1/2, at which the chemical potential difference is zero without kaon amplitude. We present the argument that in order to obtain a reliably accurate equation of state (EoS) for compact-star matter, a much deeper understanding is needed on how the strangeness degrees of freedom such as kaons, hyperons etc. behave in baryonic matter in a Fermi liquid (or possibly a non-Fermi liquid) phase with potential phase changes. It is suggested that such an accurate treatment could have an important implication on possibly modified gravity.
Introduction
The new degrees of freedom other than nucleon, such as kaons, hyperons, stronglycoupled quarks etc., in the dense baryonic matter are expected in the heavy ion collision and at the core of compact stars. The nuclear symmetry energy denoted E sym in the literature figures importantly in nuclear physics and in compact-star physics. The nuclear symmetry energy plays an important role in determining the composition of dense baryonic matter and controlling the fate of compacts stars, which is one of the principal themes of our current theoretical research into baryonic matter at high density. Although it is more or less controlled by experiments up to near nuclear matter density n 0 , it is almost completely unknown at high density relevant to the interior of compact stars going up to, e.g., ∼ 10n 0 [1] . While there are a large number of theoretical predictions for E sym that range widely above n 0 , there has been practically no attention paid to the effect of new degrees of freedom, in particular, strangeness, on the nuclear symmetry energy. For a system of n nucleon number density, the energy differences of the states with different composition of protons and neutrons are encoded in what we shall call 'asymmetry energy', E asym , defined by subtracting the energy of the state with symmetric compositions, n p = n n = n/2, from the energy of the system composed of n p proton number density and n n neutron number density, E asym (n, x) ≡ E(n, x) − E(n, x = 1/2)
with x = n p /n. Empirically it is found that it obeys a parabolic law in the asymmetry factor δ = (1 − 2x) as given by
where S(n) is what is referred to as "symmetry energy" and conventionally denoted in the literature as E sym (n). 1 In the presence of strange hadrons, the asymmetry energy should depend on the strangeness content in the baryonic matter, since there should be nontrivial interactions between nucleon and strange hadrons. Denoting the strangeness number fraction relative to the nucleon number density as x S = n S /n, the asymmetry energy can be modified as
One of the immediate questions is whether the empirical parabolic law is valid with the presence of the strange degree of freedom, which is one of the motivations of this work. In this work, in contrast to the interior of compact stars, x S will be considered as a "probe parameter" similarly to x and n. While inside the compact star one can assume the weak equilibrium, which would enable us to determine the strangeness content, in heavyion collisions the transient time for the dense matter phase is too short to activate the weak interactions. This difference between the hadronic matter in heavy ion collisions and the hadronic matter in weak equilibrium of stellar matter renders the role of the symmetry energy different from each other at some high density. However heavy-ion collisions are expected to probe the same symmetry energy as in compact stars below the density at which kaons start condensing. Here the strange hadrons are produced via strong interactions. It is, therefore, natural that we cannot expect to have nonzero net strangeness number in an isolated hadronic system, since any process involving net strangeness number production is suppressed. Nevertheless, there may be possibilities to form a lump of dense baryonic matter with strangeness with hadrons with compensating strangeness escaping from the lump such that the total strangeness produced is zero. One of the possible scenario is the production of K + and K − . Suppose the K − is captured in a bound state in a nuclear matter lump due to K − N attractive interactions, but the K + escapes out of the lump carrying kinetic energies, thereby cooling the remaining baryon lump and forming a baryonic lump with finite strangeness number. It is then expected that the nuclear symmetry energy of the system (lump) will be modified because of the KN interactions [2] . This process may or may not occur under the conditions provided by nature -some of the caveats are given below -but it illustrates in a clear way how the presence of strangeness can modify the nuclear asymmetry energy, even in neutron-rich systems.
In heavy ion collisions, the initial neutron-proton asymmetry factor, δ(= 1−2x) -which ranges from 0 for 12 C to 0.198 for 197 Au or 0.227 for 238 U collisions [3] -does not change. It is very likely that the baryonic lump with bound kaons has a similar n-p asymmetry when it is formed. Hence the nuclear symmetry energy around x = 1/2 is particularly of interest and relevance to heavy ion collisions. One may expect the extra energy to be carried along to cool down the system. We assume that the s-wave bound state of K − (that we will simply refer to as "kaon" unless otherwise noted) is feasible with the amplitude K and energy E K similarly to kaon condensation 2 :
For nucleon-nucleon and kaon-nucleon interactions, we consider a simple -toy -model given by the following Lagrangian [2] ,
where
where the ellipses stand for higher derivatives, higher number of local fields and the interaction with higher excitations like ∆, hyperon degrees of freedom etc. m N (m K ) denotes the nucleon (kaon) mass, f is a constant related to the pion decay constant f π , Σ KN is the KN sigma term encoding the explicit breaking of chiral symmetry and V N N is an NN potential that we need not specify for our purpose. The Hamiltonian can be obtained
The kaon number density (equivalently strange number density, −n S ) is given by
The kaon chemical potential is determined by the KN interaction given by
Then we get
The density dependence for given x of E K is determined by the KN sigma term Σ KN and the pion decay constant f ≈ 93 MeV. It is given in Fig. 1 for Σ KN = 0, 2f and 3.2f in dashed, dot-dashed and thick solid lines 3 respectively for the pure neutron matter x = 0.
Note the steeper slope for larger value of Σ KN . The extreme case is for Σ KN = 0, where only the Weinberg-Tomozawa term, the last term in Eq. (6), is effective. 4 Note Figure 1 : The density dependence of E K with Σ KN = 0, 2f and 3.2f denoted by dashed, dot-dashed and thick solid lines respectively for x = 0. 4S(n) (dotted line) and 4S ss (n) (thin solid line), roughly the corresponding electron chemical potentials, are plotted together to see the kaon condensation threshold densities in weak equilibrium. With 4S ss (n) there is no kaon condensation.
that the x-dependence of E K is strongly controlled by the Weinberg-Tomozawa term for densities far below the critical condensation density, n th = m 2 K f 2 /Σ KN , which comes out to be ∼ 6n 0 if one uses the lattice value for the sigma term. 5 This is because the first term in the square-root in Eq. (13) is much smaller than the second term, −4(
K ) (which is non-negative). For Σ KN considered in our model, the densities to be probed by heavy-ion machines, n = 2 ∼ 3n 0 , are far from n th .
Results
The Hamiltonian density in the previous section is simplified to
The chemical potentials of neutron and proton with bound s-wave kaon are given by
One can notice that the effect of kaon on the neutron and proton chemical potentials has two parts, one from the Weinberg-Tomozawa term and the other from Σ KN term. The latter contributes equally to the chemical potentials since it does not depend on the n − p asymmetry 6 while the former depends on the n − p asymmetry and induces different contributions. Then we see that the chemical potential difference µ 0 n −µ 0 p gets an additional contribution from the s-wave kaon amplitude K through Weinberg-Tomozawa term as given by
It should be noted that it is this quantity that one hopes to determine in heavy ion collisions (at high enough energy to produce kaon pairs), as for example in the ratio of π + /π − and in the future, in K + /K 0 ratio. (See [6] ). Given this quantity, then the asymmetry energy per nucleon with bound s-wave kaons can be obtained in the following form,
where x K = n K /n is the kaon number fraction. As a rough estimate of what is involved, we assume that S N (n) does not get a substantial modification due to the presence of kaons 7 . Then we may make use of the energy density and symmetry energy factor S of phenomenological models. We take one simple approach called "MID" (short for "momentum-independent interaction") used by Li et al. [7] . 8 We can rewrite the symmetry energy, S(n), of [7] as
The parameters A, B and γ determined by experiments are A = −298.3 MeV, B = 110.9 MeV, γ = 1.21 and E 0 F = 37.2MeV and we take F = 3.673 and C = 1.569. For comparison we consider also a super-soft symmetry energy given by S ss (n) = 13.1(
In Fig. 2 , the x-dependence of the chemical potential difference, Eq. (2), at n = 2n 0 are shown for two symmetry energy factors. The results are very similar for n = 3n 0 . The range of densities (2 − 3)n 0 is appropriate for the purpose because it comes before kaons could condense, and also the baryonic matter could be considered to be in a Fermi liquid state 9 .
One can see that the effect of kaon is significant near x = 1/2, at which the chemical potential difference, the first term in Eq. (18), is zero without kaon amplitude. Thus it will affect the ratios π − /π 0 , K + /K 0 etc. In the above calculation, we took x K = 1 for simplicity, which is of course too big. To be realistic, we need to fix it dynamically with the collision condition using a more sophisticated theory as will be mentioned below. The simplest possibility is the charge neutral baryon lump, which would give
The asymmetry energy, E sym , at n = 2n 0 for x K = 1 is shown for illustrative purpose for two symmetry energy factors S(n) and S ss (n) in Fig. 3 .
We see that the neutron-proton permutation symmetry in the nucleon sector, characterized by (1 − 2x) 2 , is significantly distorted in the presence of kaons. The effect is more prominent in the super-soft case. It is interesting to note that the minima, x min , in Fig.  3 are shifted toward x min > 1/2, which is equivalent to the proton rich configuration. 10 So far the weak equilibrium condition applicable in compact stars has not been used, so Figure 2 : The chemical potential difference µ n − µ p vs. x for S(n) (solid line) and S ss (n) (dotted line). Here, for illustration, we have taken n = 2n 0 and the extreme case of x K = 1. the equilibrium threshold density for kaon has no meaning. Kaons are produced by strong interactions. This is the reason why we can consider kaon amplitude even at lower density n < ∼ 3n 0 , below the weak-equilibrium kaon threshold.
Compact star matter and kaon condensation
In this section we make a few remarks concerning the reliability and relevance of what's discussed above to the principal object of recent interest, compact stars.
The model Lagrangian adopted here, (6) , is limited to the chiral order O(p 2 ) of a chiral Lagrangian that arises from a flavor SU (3) chiral Lagrangian that contains, in addition to the octet baryons and pseudo-Goldstone bosons, U (3) vector mesons, when the hyperons and the vector mesons are integrated out and only the leading terms (both in derivatives and number of fields) are retained. To that order, the kaon number density is quadratic in the kaon field amplitude. Now one may wonder what happens if higher kaon fields figure in the Lagrangian as is expected in the derivative expansion in the integrating-out . They would enter in n K . The question can be raised as to whether kaon interactions mediated through coupling with the nucleons would not generate repulsion that would limit to and Figure 3 : The asymmetry energy per nucleon, E asym (n, x, x K = 1), vs. x for S(n) (solid line) and S ss (dotted line) for n = 2n 0 and x K = 1.
saturate at a finite n K [8] .
This question can be addressed with a simple RG argument with (6) for heavy-ion systems, where the effective kaon mass cannot go down so much. In terms of chiral perturbation theory, the leading order term in the KN interactions is the Weinberg-Tomozawa term as used in the literature [8] . This term is "irrelevant" in the RG flow. Thus, at least in the perturbative sense -which should be reliable for density not so high above n 0 , higher kaon field operators cannot do much.
For a compact star matter, in contrast to the heavy ion collision process, the weak interaction becomes sufficiently active to drive the star matter to be stabilized in weak equilibrium. In weak equilibrium, the chemical potential of kaon, µ K , should be identical to electron chemical potential, µ e :
When µ K (= µ e ) crosses E K in Fig. 1 , kaon condensation can occur and it defines the threshold density for kaon condensation, n th . The strange number fraction after kaon condensation threshold should range from zero (condensation threshold) to 1/2 (masseless kaon) for a locally neutral star matter in weak equilibrium. Since the kaon number fraction is not larger than 1/2, the attractive nature of KN interactions may remain dominant over the repulsion between kaons such that it might not be strong enough to destroy the KN attraction for the kaon condensation 11 . This could also be the case in heavy-ion collisions for a formation of kaon bound baryon lump [8] .
It is possible that the dynamics involved could very well be inaccessible by the meanfield approach even at not too high density as suggested in [9] . For instance, the smooth transition at about ∼ 2n 0 from hadronic matter to strongly interacting quark matter in compact star matter that can accommodate the ∼ 2M ⊙ stars [10] resembles the kaon condensation scenario associated with the topology change that takes place at ∼ 2n 0 as suggested in [14, 15] and mentioned below. Furthermore there is a strong indication that kaon condensation and hyperon appearance should be considered on the same footing [11] . In the literature, the two processes have been treated separately with no connection between the two. This point may also be pertinent for the process in heavy ion collisions discussed here.
Practically all the treatments of kaon condensation in compact stars available in the literature are anchored on chiral Lagrangians of the type given in (5) . With the Lagrangian of the form (5) treated in the mean field, implemented naively into dense baryonic systems, the kaons are supposed to start to condense at the density n th where E K crosses the electron chemical potential in weak equilibrium as shown in Figure 1 . Interpreted in this way, it is generally believed that the EoS of compact star matter is too soft to support the star accurately measured in [1] . In fact with the parameters of the Lagrangian compatible with what's given by experiments, treated in the mean field, as suggested by Brown and Bethe [13] , a star of mass greater than 1.5M ⊙ would tend to collapse to a black hole.
The recent accurate measurements of massive > ∼ 2 solar-mass stars [1] seem to go against the Brown-Bethe scenario and are in fact taken in some circles to "rule out" kaon condensation in compact stars. We will argue that this conclusion is unfounded and premature. This is because given the extremely poor knowledge we have on the state of baryonic matter at high density, the presently available theoretical tools to treat strangeness in dense compact star matter are far from trustworthy.
There are several reasons for our claim that there is a dire need for more unified and consistent treatment of the problem. We cite a few examples. One is that when chiral Lagrangians are put on crystal lattice to simulate dense matter, the only theoretical tool available at present that has a contact with QCD, albeit for large N c , one finds that there can be a topology change from a baryonic matter in the form of skyrmions to one of halfskyrmions [14] . Such a phase change is not present in the currently employed approaches, i.e., those based on chiral perturbation theory. It is nonpertubative. In its presence, the usual mean-field approximation used both for kaon condensation and for hyperons, two principal sources for strangeness, could very well break down [15] . If this is the case, then the question will be how to formulate kaon condensation in a matter where the mean-field treatment of the baryonic matter cannot be trusted.
Another possible mechanism to consider is that when kaons condense as in the case of compact-star matter where the electron chemical potential enters in triggering kaon condensation [16] , it may be necessary to consider carefully how the condensing kaons couple to the Fermi liquid or possibly to a non-Fermi-liquid baryonic matter [17] . For instance, in condensed matter, "critical boson" 12 -Fermi liquid fermion coupling can lead to a phase change to a non-Fermi-liquid state with various thermodynamic properties severely altered [18] . Normally, Goldstone-boson coupling to Fermi liquid is irrelevant in the RG sense, since the coupling is of derivative type. In that case, such a breakdown is not expected to occur even though the Goldstone bosons are gapless. Now the kaon is a pseudo-Goldstone boson, so could the renormalization group property of kaon condensation be affected by its irrelevant derivative coupling? The answer to this question is not obvious. First of all, kaons condense because the chiral symmetry is broken. In the naive interpretation of the chiral Lagrangian (5), i.e., at the tree level, the KN sigma term determines the threshold density: the larger the KN sigma term -and hence the greater symmetry breaking, the lower the critical condensation density. Furthermore, in the successful skyrmion description of hyperons as kaon-soliton bound states (without [19] or with [20] hidden gauge mesons), the kaon is taken to be massive. In this description, it is the Wess-Zumino term that dominates in binding the kaon to the soliton, with the Wess-Zumino term playing a role equivalent to the Weinberg-Tomozawa term, which is of the leading order in the chiral counting in effectivel Lagrangians. What is also quite intriguing is that by dialing the kaon mass to zero, one can go from the bound-state description to the SU (3) skyrmion description. Now in the presence of vector mesons in hidden local symmetric theory with the vector manifestation, the sigma term could even become relevant. This would produce instability in the Fermi-liquid structure of the baryonic matter of the type discussed above.
Suppose that a future theory of kaon condensation formulated reliably and fully consistently in both mesonic and baryonic sectors gives an EoS that is still too soft to accommodate the observed massive stars with the standard theory of gravity. Then one could envisage a possibility that a change in fundamental physics is required, with the EoS of compact stars providing a serious indication for a modified gravity. In fact, a suitably modified gravity such as for instance f (R) gravity is argued to be able to accommodate the massive stars [21] . state in a nuclear matter lump due to K − N attractive interactions, but the K + escapes out of the lump carrying kinetic energies, thereby forming a baryonic lump with finite strangeness number. We take the simplest Lagrangian to describe this system, Eq.(5). It is then expected that the nuclear symmetry energy of the system (lump) will be modified because of the KN interactions. It is found that even in the presence of kaons, there is little difference in the asymmetry energies with S and S ss near x ∼ 1/2, which is roughly the initial condition of heavy-ion collisions. Pertinent to experimental efforts, it should be kept in mind that if our result is correct, the pion ratio could not distinguish between a stiff symmetry energy and a super-soft symmetry energy. The presence of kaons, however, distorts the fermi levels of neutrons and protons via the Weinberg-Tomozawa term such that µ n − µ p = 0 at x = 1/2, which should vanish without kaons. It will affect the particle spectrum including the pion ratio in the heavy ion collision.
There are a few caveats. The scenario in this work is that K − is bound to the nuclear matter, but K + escapes out of the nuclear matter. Of course, the crucial question is then how to control the kaon number, a problem yet to be worked out. Since we take the simplest form of Lagrangian in this work, the possible roles of higher derivatives, higher dimension field operators and moreover the interaction with higher excitations such as ∆, Λ(1405), hyperons etc. should be discussed in detail, which remains as a future work.
The relevant topic to the above discussion is the possibility and the effect of kaon condensation on the compact star matter. One of the possibilities is that kaon condensation would produce instability in the Fermi-liquid structure of the baryonic matter. This phenomenon may be relevant perhaps only very near the critical condensation density n th , but it indicates the possibility of a variety of subtleties in the EoS as one goes above a few times the normal density n 0 . And therefore it would be extremely interesting to experimentally observe precursor phenomena to the possible breakdown of Fermi liquid structure discussed above.
